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ABSTRACT 


Following the work with Jimbo and Miwa|^], we introduce a certain de¬ 
generation of the elliptic algebra Aq^p (• 5 ^ 2 ) and its boson realization. We 
investigate its rational limit. The limit is the central extension of the Yan- 
gian double T)Y{sl 2 ) at level one. We give a new boson realization of it. 
Based on these algebras, we reformulate the Smirnov’s form factor boot¬ 
strap approach to the sine-Gordon theory and the SU{2) invariant Thirring 
model. A conjectural integral formula for form factor in the sine-Gordon 
theory is derived. 
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1 Introduction 


Recently, a representation theory of the quantum affine algebra Uq{sl 2 ) has 
been studied extensively and applied successfully to the XXZ model in 
the anti-ferromagnetic regimej^. There the R—matrix j ~ 

± j = 1,2 associated with the XXZ model is identified with the intertwiner 
of the tensor product space of the two-dimensional evaluation modules V^, 
and the two level one infinite-dimensional highest weight modules i = 

0,1 yield the exact construction of the doubly degenerated physical space 
of states in the thermodynamic limit. Moreover, there exist two types of 
intertwining operators, called type I and type II vertex operator, of the 
form 

Type I ^ 

Type II (^) : ^ ^ 

Each type of vertex operator plays very different role. The type I vertex 
operators in their certain combination give the embedding of spin operators 
sitting on the lattice into the physical space of states, whereas the type II 
vertex operator creates one physical excited particle. Hence the use of the 
two types of vertex operators enables us to calculate the spin-spin correlation 
functions as well as the form factors of the spin operators. Remarkably, the 
whole properties of these vertices are summarized in the following simple 
relations. 

1. Commutation relations 

^e,{C2)^eACl) = E 48(Ci/C2)$.;(Ci)^ 4(C2), (El) 

s[,e'^=± 

^eAClWe,iC2) = T{CjC2)n,{C2)^eACl). (E2) 

^:i(Ci)'I^* 3(C2) = E 4e1(Ci/C2)'k4(C2)'k:,(Ci), (1.3) 

Ei,£2=± 

where is the two-body S'—matrix of the physical excited particles 

and 'T(C) is a certain scalar function. 

2. Normalization conditions 

$(ul-d(^l)${l-M)(^2) = (-l)'-V25-'4i+e2,0 + 0(Cl - qC2) (Cl - gC2), 
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( 1 . 4 ) 



^2 \ *+( 1 +£ i )/2 

qCi) 


9^S1+S2,0 + 0 ( 1 ) 

(1.5) 


(Cl ^ q ^C2), 


with some constant g. 

On the contrary to the solvable lattice models, algebraic study of the 
massive integrable theories has not yet been so much developed. For the on- 
shell S'—matrix, we know that the Zamolodchikov’s bootstrap approachj^, 
a scheme of calculation of the S—matrix, was reformulated as an algebraic 
problem in the representation theory of quantum groups]^, This was 
done in the analogous way to the i?—matrix in the lattice models. On the 
other hand, for the off-shell quantities such as form factors of some local 
operators, we know Smirnov’s bootstrap approach as a well-founded scheme 
of calculationQ. Let /(/3i, Pn)ei,..e„ be a form factor of some local operator 
with rapidities (dj and spins ej,j = 1,2, ..,n. His approach is based on the 
following three axioms. 

Axiom 1 The S-matrix symmetry 



( 1 . 6 ) 


Axiom 2 


/(/?!,.., /3n + 27rz)^^,.,^„ = /(/3„,/3i,..,/3„_i), 


(1.7) 


Axiom 3 As a function of /3n, form factor /(/3i,..,/3n)ei,..e„ is an analytic 
function in the strip 0 < Im/3n < ‘I'k and has only simple poles at /3n = 
l3j + ni, n > j. The corresponding residues are given by 



(1 


where C is the charge conjugation matrix. 
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These axioms define a matrix Riemann-Hilbert problem for the functions 
/(/?!,..,/9n)ei,..e„- Remarkably, quite similar properties to (^)-(O) are 
satisfied by the correlation functions and form factors in the lattice models 
(See for example |T^). Hence one may expect that there must be some 
algebraic formulation of the Smirnov’s form factor bootstrap approach. 

In fact, in Q, Smirnov considered the SU{2) invariant Thirring model, 
which is a certain limit of the sine-Gordon theory, and proposed that the 
Yangian double 'DY{sl 2 ) is a relevant algebra. He conjectured also that the 
level-0 representation is a relevant representation |Q|. However due to lack of 
infinite dimensional representation, he failed to reproduce his whole axioms. 

The second progress was brought by Lukyanov [^. He considered the 
sine-Gordon theory and investigated an algebra of vertex operators ( 3.15| )- 
( |3.17 ) which are very similar to (|l.lD - (|l.5D . He showed that such algebra 
formally reproduces Smirnov’s whole axioms. However, his argument is 
rather a phenomenological one. No one had succeeded in giving it any 
representation theoretical foundation untill RefJ|]. 

In this paper, according to the prior work |1|, we clarify an underlying 
quantum group structure of Smirnov’s form factor bootstrap and Lukyanov’s 
algebra. We introduce a certain degeneration of the elliptic algebra ^ 7 ,p(s^ 2 ) 0 
and present a boson representation of it. We investigate also its rational limit 
and identify it with the central extension of the Yangian double VY ( 5 ^ 2 ) at 
level one. We show that in the both cases certain gauge transformations 
of the type I and the type H vertex operators satisfy the Lukyanov’s al¬ 
gebra. As a result, we give formulae for form factors, in the case of the 
sine-Gordon theory and the SU{2) invariant Thirring model, which satisfy 
the whole Smirnov’s axioms, based on the representations of our algebras. 
This is natural because the sine-Gordon theory is known as an continume 
limit of the XYZ model[^, and the elliptic algebra Aq^p{sl 2 ) is the algebra 
which is conjectured to give an algebraic foundation of the XYZ model ( 
See for example Ol). 

We hence obtain a unified way, whose key formulae are given by (O)- 
(1.5), to formulate correlation functions and form factors both in the exactly 
solvable lattice models and the massive integrable quantum field theories. 
We finally give a conjectural integral formula for form factor in the sine- 
Gordon theory. 
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2 Elliptic algebra Aq^p (s/ 2 ) 

Let us begin with the Baxter’s elliptic R matrix||l^. 



/a{u) 

d{u)\ 

1 

b{u) 

c{u) 

piC) 

c{u) 

b{u) 


\d{u) 

a(u) / 


( 2 . 1 ) 


snh(A — u) snh(tt) 

a[u) =-——-—, b{u) = — . ' , c{u) = 1, d{u) = k snh(A—u)snh(n), 


snh(A) 


snh(A) ’ 


( 2 . 2 ) 

where snh(u) = —isn{iu), and sn(rt) is Jacobi’s elliptic function with mod¬ 
ulus k. Let K, K' be the corresponding complete elliptic integrals. We use 
also the variables 


_ ttK' 

p = e K 


_ TT A 

q = -e 2 k , 


C = e2^, 


(2.3) 


and regard (2^) as functions of C^P^Q- We choose the overall scalar factor 
AC) as follows. 


1 


1 (p^;p^)oo 0p2(9^)0p2(K^) 


AC) AC^) {p-,p)lo %<qK^) ’ 

1 ^ q^)oo{<fz]P, q^)oo{pz~^'^P^ <f)oo{pAz-,p, q^)c 

Az) {q^z;p,q‘^)AQ^z-^',P,Q'^)oc{pZ:P:A)oo{PQ‘^z~^:P:A)c 


(2.4) 


where 


iz;pi,-■ ■ ,pm)co = n - ^pT ■ ■-pZ"), 

ni,---,nm>0 

Gqiz) = iz-,q)Aq^~^',q)oo{q'^q)oo- 
Let ns consider the formal generating series 

00 

i^(c)= i: Lie", ii = (iA,„)„,.±. (2.5) 

n=—oo ’ 

ij> = « if #(-!)" 
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Definition : the elliptic algebra Aq^p ysl2j [P, HI] 

The elliptic algebra Aq^p{sl 2 ) is the algebra generated by the symbols ^ 
(n G Z,e, e' = ±,ee' = (—1)”') and a central element c, through the following 
relations. 


Rt2{CiK2) (Cl) (C2) =L^ (C2) {Ci)Ru{Ci/C2), ( 2 . 6 ) 

^^2(<?'^/'Ci/C2) a (Cl) L- (C2) =L- (C2) A (Ci)i?t^(<?"'=/\i/C2), 

(2.7) 

g-deiL+(C) = L++(g-iC)Ll-(C) - Lf^{q-\)Lt-{C) = (2.8) 

L-,(C) = (2.9) 


where 

7?+(C) = r(gV2^-i)^(^)^ ^-(^) = 


with 


and 


R*^iC) 


^_i(gC^;g'^)oo(g^C ^;9'^)oo 

= i^±(C;^l*'/^ <?'/'), p*=pq-^^. (2.11) 


In [||, it was conjectured that the elliptic algebra Aq^p{sl 2 ) has natural 
analogs of the level one modules 77^*^ i=0,l[]and vertex operators <l>i^ *’*^(C) 
and *’*^(C)- It was also conjectured that these vertex operators sat¬ 
isfy the commutation relation o-dU) with the elliptic i?—matrix (|2.lD, 


S'lC’eKC) = “. 12 * 1 ,£ 2 ^( 0 ) RiC) = "^(C) and a different constant g. 

In terms of the vertex operators, the operators acting on nR can be 
expressed as follows. 


L+,(C) = K^l,{0Mq^^"C), (2.12) 

L-,(C) = K^eion^iq^^^)- (2.13) 

Here k is a normalization constant. Then the defining relations (ill),(i3) 
are immediate consequences of the elliptic analogue of the commutation 
relations (0)-(O)- The condition ( |2.8| ) for the quantum determinant also 

^ We say that a representation of Aq,p{sl 2 ) has level k if the central element c acts as 
k times the identity. 
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follows from (1.4),(1.5) with an appropriate choice of k. The symmetry (2.9) 
of the L operators entails the following relation for the vertex operators. 




(2.14) 


3 Degeneration of Aq^p{sl 2 ) 

3.1 Trigonometric limit 

There are two interesting degeneration limit. 

1 ) X ^ ii'' ^ oo i.e. p ^ 0, —e~^. 

Let us set 

-^ee',n y P J ^ee',n 

and let formally p ^ 0, then L^(0 and T~(C) become power series in 


and C ^ respectively. In this limit, the relations (p.6| )-(^) reduce to the 
defining relations of the quantnm affine algebra Uq{sl 2 ) dne to Reshetikhin 


and Semenov-Tian-Shanskii |14|. 

2) RT —> oo, iL' —> More precisely, we let 11 

c = 0^/^, 


p = ^2«+l). 


1 


(3.1) 


with ^ and f3 being kept fixed. 

In this limit, the elliptic R matrices (^) and R*{C) = R{C]P*^^‘^'iQ^^‘^) 
degenerate to trigonometric ones. 


R%f3) = limR(C;/'/';g'/2) 

/ cosh ^ cosh ^ 
coshHL£l~ 

■^s 


= -So{(3) 


cosh ^ sinh ^ 
/r-/3 


2e \ 

coshH^ 


sinh ■ 


2e 


V 


sinh ^ sinh 
cosh “ 


sinh ^ cosh ^ 
sinh 

■^s 


sinh ^ cosh 
_ 

sinh 

cosh ^ sinh ^ 
sinh 


2? 


cosh ^ cosh ^ 
cosh “ 


2? 


R{P) = hmR(C;//^g'/2) 
= -R*(-/3)|^^g+i. 


/ 

(3.2) 

(3.3) 


7 

















Here 5o(/3) is given by 


(3.4) 


5o(/?) = 


52(-i/3)52(vr + i/3) 
S2mS2{TT-il3) 


with S 2 {x) being Barnes’ double sine function with periods 27r and 7r(^|]^]. 
These are not the standard trigonometric R matrix coming from the univer¬ 
sal R matrix of Uq{sl 2 )- In order to bring them to the usual form, we need 
to introduce a ‘gauge’ transformation [T^. Define 


U = 


1 —i 

1 i 


Uo = Ua^, Ui=a^Ua^ 


Then we find 


(Hi ® C/o) R{(5) (Do ®Ui)-^ = R{-f3), 
(Ui ® Do) (-i?*(/3)) (Do ® Di)-^ = S{p) 


with 


Si(5) = 


SoiP) 

• 1 in —3 

Sinn g ^ 


/sinhi2^ 


V 


R{P) = -S{-P)\^^^^,. 

We have also 


sinh I sinh ^ 
sinh ^ sinh 4 


(3.5) 

(3.6) 


sinhi^ 


,(3.7) 

(3.8) 


(Do ® Di) R{P) (Di ® Do)-^ = R{-f3), 

(Do ® Di) {-R*{f3)) (Di 0 Do)-^ = 5(/3). 


(3.9) 

(3.10) 


The matrices (RaiiP)"j coincide with the two-body S'—matrix of 

the sine-Gordon theory]^ and the D—matrix of the XXZ model in the 
gapless regime|^]. 

Now we are interested in the degeneration limit of the elliptic analogue 
of the relations O-O . Write <I>a(/3), 'I'*(/3) for the limit of <I>a(C), 'I'*(C). 
We set 


Z(i’°)(/3) = 2^(Do-')fea'&?'’°^(/3) = Tf’°)(/3) - mT!.('’°)(/3)(3.11) 

b 
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b 

Za^^’°\P) = E(t^o)afe‘I>i'’°^(/3) = +m<I>^°^(/3), (3.13) 

b 

zT’^\f^) = Y.i^i)ab^t^\l3) = a^f^\(5)+i^^^’^\(5). (3.14) 


Their commutation relations can be determined using ( |3.5D and (3.6). Drop¬ 
ping the upper indices, we find 


ZaWl)Z^m = ^5S^(/?l-/32)^d(/32)^c(/3l), 

c,d 

Z'MZ'M = J2Rab{P^-P^)Zdmz'cWi), 

c^d 

Za{(5i)Zi{(32) = a6tan(^^ + z^^^)z'(/32)Z„(/3i). 


limr(g*^/^) = tan (— + ^ 


Here we have used 


The conditions corresponding to (^) and (^) become 

C 


(3.15) 

(3.16) 

(3.17) 

(3.18) 


Za{(5l)Zi,{l32) = 


Pi- P2- m 


l^a+bfl + 0(1) 


iPi P 2 + Tli), 

(3.19) 

Z'MZ'PP + Tii) = C'5a+bfl- (3.20) 

Here C,C' are constants depending on the normalization of Za{P), Z'^{P). 
In addition, the symmetry relation ( p.l4 ) reduces to the following. 

TT? 'TTl 1 

Z'MZbiP - y) = ZPP*)Z'^{P* - y), P* = P- Tiiii + -). (3.21) 

One should note that the relations (3.15)-(3.17) are much simpler than 
those for ^e{P) and 'I'*(/9). In the next section we will give a boson repre¬ 
sentation of Za{P) and Z'^{P). 


Remark. Let us denote the limit of the L—operators by L^^,{P). 

Then the defining relation of the elliptic algebra ( ^.61) -(^(^) degenerate to 

RUPi - P 2 ) iPi) T± {P 2 ) =L± {P 2 ) {Pi)Rlt{Pi - P 2 ), (3.22) 
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ivr 1 2 2 1 _ • 

Rt 2 {Pi - /32 - y) L+ (/3i) L- (/32) =L- {(32) L+ (/3i)i?t2+(/3i - /32 + y), 

(3.23) 

q-deiL'^ {(3) = L^_,_(/3 + i7r)Ll_(/3) — L1_,_(/3 + z7r)L^_(/3) = 1, (3.24) 


4£'(/5) = ee'^-£,-£/(/? - i7r(<e + -)). 


(3.25) 


These are similar to the defining relations of the quantum affine algebra 
U,{sh)M- However the extra relation ( |3.25| ) indicates that our L—operators 
L^(/3) have no Gauss decomposition. Our resultant algebra is hence quite 
different from Uq{sl 2 ) with 1(71 = 1. 


3.2 Rational limit 

We next consider the rational limit ^ > oo of the results in §3.1. In this 

limit, we have 


lim R*{(3) = Sr{P), lim R{f3) = Rr{P) 


(3.26) 


with 


Sr{P) = SR,oif3) 


/I 


V 


13 


iir—P in—(3 

in 0 

in—0 in—0 


\ 

1/ 


and 


C t R\ — i27rH V2 2-k) 


Rr{(3) = -Sr{-P). 


(3.27) 

(3.28) 

(3.29) 


Note that S'_r(/ 3) and Rr{I3) are invariant under the transformations (^)- 
(3.6) and ( |3.9| )-( 0^) . They coincide with the 5—matrix of the SU{2) 
invariant Thirring model and the i?—matrix of the XXX model, respec¬ 
tively. 

Let L%^^/i(3) be the rational limit of L^^,{j3). In this limit, the rela¬ 
tions (|3.22 )- (|3.24|) are still hold with replacement R*{(3) —> Sr{(3), R{P) 
Rr{(3). However the last relation ( ^.25 ) is broken down since the RHS 
loses its meaning. Hence the resultant algebra is the central extension of 
the Yangian double 'DY{sl 2 ) at level one due to Reshetikhin and Semenov- 
T ian- Shanskii |Q] . 
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4 Bosonization of the vertex operators 

We here consider the boson representation of the algebra (|3.15|) - (|3.2C ). 


4.1 Trigonometric case 

Let us consider free bosons a{t) {t G R) which satisfy]]^ 


[a(t),a(0] = 


sinh ^ sinh irt sinh 


t sinh ^ 


S(t + 1'). 


We also use a'{t) defined by 


a\t) sinh = a{t) sinh 

We consider the Fock space TL generated by |vac) which satisfies 

a(t)|vac) = 0 if t > 0. 


We set 


V{a) =: 
V{a) =: 
V'{a) =: 
V'{a) =: 


i(p{a) = 
i^{a) = 
icf)' {a) = — 




_oo sinh-TTf 
°° a{t) 


-oo sinh 




oo 2 

oo 


a'it) w 


i(j)' {a) = — 


/-oo sinhvrt 

roo r,' 






'-00 sinh ^ 


(4.1) 


In Appendix 1 in Ref.)^, one can find the list of the operator products of 
these operators. 

Let us define 


Z+iP) 

= V{(3), 

(4.2) 

Z-{P) 

= [ — : :/(a-/3), 

Jci 27r 

(4.3) 

Z'+W) 

= v'ip), 

(4.4) 

z'-W) 

= / — : ; f{a - f3), 

Jc2 2vr 

(4.5) 
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where^ 


/(«) = 

Cl sinh 

/'(a) = 

C 2 sinh 


e 

C2 = 


vr 


la 

vr^ 

r 


1 


r ( - — 

< 2^ 


^-( 7 +log 7 r^)^ 


la 


e + 1 ^ Vvr(e + i) 

-(7+log7r(^+l))i^ 

ivr 


+ 


1 


2 (^ + 1 ) 


r - 


Cl = 


la 


I'K 


+ 


7r(e + l) 2(^ + 1) 


Here the integration contours are chosen as follows. The contour Ci is 
(—oo, oo) except that the poles P—^+mr^i (n € Z>o) of 

above Ci and the poles P+^—mr^i (n G Z>o) of r(— are below 
Cl- The contour (72 is (—oo, oo). The poles/9+^+n7r(,f + l)z (n G Z>o) of 
T(+ 2 (g+i) ) s-bove C 2 and the poles P — ^ — nTr{^ + l)i (n G Z>o) 

of + 2 ( 1 ^) are below C 2 . 

In Q, we proved the following statement. 

Proposition 4.1 The operators Z±{P) and Z'^[P) satisfy the eommutation 
relations the normalization conditions ^3. 1 f\) and ( 3.2(\) as 

well as thesymmetry relation ( 3.21 ). The eonstants (7,(7' are given by 


C = 


TT^cisin^ r(-i; 


1 


C'=(M{ + lWsm^r(^)) 


1- giP + '^^) 

hm--- 

/9^0 P 


4.2 Rational case 

Let us next consider the rational limit. We denote the limit ^ > 00 of a(t) 

and a'{t) by ORp) and a)j(t), respectively. They satisfy 


f 7 r|t| 

r . ^ sinh^sinhTTt e 2 

[aij(t), anp )] =--- 6{t + t ) 


T|t| 


“rCOc 2 = aR{t). 


(4.6) 

(4.7) 


^ In order to make the expressions admit their rational limit, we have changed the 
definition of /(a) and /'(a) by adding extra constant factors omitted in Ref.|M. 
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We denote the corresponding limit of the boson fields, vertex operators and 
the Fock space by adding the suffix R. For example, = lim^^oo = 

1^00 Under these notations, the rational limit of the vertex op¬ 

erators Z±{P) and Z'^{(5) are given by 


ZR+m 

ZR-{f3) = 

z'R+m = 

Z'r-{13) = 


= Vr{P), 


f da 

J (7^1 ^TT 

vM, 

f da 






(4.8) 

(4.9) 

(4.10) 

(4.11) 


where 


/fl(a) = fnia) = -me ^ 


-|- 


The integration contours Cri, Cr 2 should be chosen as follows. The contour 
Cri is (—oo, oo) except that the pole /3 — ^ is above Cri and the pole /3 + ^ 
is below Cri- The contour Cr 2 is (— 00 , 00 ). The pole /3 + ^ is above Cr 2 
and the pole P — ^ is below Cr 2 . 

In Appendix, we list all the operator products of the vertex operators 
VR(a), VR{a), V^{a) and ^^(a). 

After changing the definition of /(a) and f'{a) to ( [4.6|) and (4.6) in the 
proof of Prop.3.1 and 3.3 in |Q|, whole arguments given there admit their 
rational limits. Hence we obtain 


Proposition 4.2 The operators Zr±{P) and Z'r± (P) satisfy the rational 
limit of the commutation relations and the normalization con¬ 

ditions ( 3.H )( 3.2C ). The corresponding constants Cr,C'^ are given by 


Cr = —V2e~ 
C'^ = -i^/2e 


3t 

2 , 


37 

2 


Hence the operators Rr{P) 

L+,,,(/3) = ^ij'kk'(7)‘J>i?e(/3- 


TTZ, 

~2' 


^Ree' ( 7 ) — 


vrz. 




(4.12) 

(4.13) 


with ([4.8f) - (il.llD and the gauge transformation (|3.5|) - (|3.1(]|) gives a boson 
representation of the central extension of the Yangian double at level one. 
One should compare this with those in [ 


0 
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5 Form factor in the sine-Gordon theory 

Let us define the boost operator H by 


H = 


dt 


sinh ^ sinh-Trt sinh ^ 


a' {—t)a' (t), 


which enjoys the property 




Hence we have 


e^^X{f5)e-^^ = X{P + iX), 


(5.1) 


(5.2) 


(5.3) 


for X = V,V,V',V'. 

Let us consider the operators 

0{ai, • • • , CXrn)ei,-",Sm ~ Z_^_^[ai-\-T^i) ' ' ' (a^ + 7r*)-^£^ (cKm) ■ ■ ■ Z^^(ai) 

Using (^.17|) , we have 
Proposition 5.1 


lO(ai,---,am),Z±(P)] =0 VP, aj (j = (5.4) 

Now let us consider the following function. 

_ trn(e~^^0(ai, • • •, (Pjv)Z^^_,(Pjv-i) • • • (/^i)) 

trn(e-^^) 

By using the relations (|3.15D , (^(^) and the cyclic property of trace, one can 
show that the function F^(Pi, ■ ■ ■, P 2 n)^ix,--,^i 2 n satishes the Smirnov’s first 
axiom with the S—matrix of the sine-Gordon theory and the following level 
zero deformed Knizhnik-Zamolodchikov equation. 

-^^(/^i) • • •) f^N + 

= (A - PN)S^fl {P2 -Pn)--- (Pn-I - Pn) 

xF^(/3i,...,/3^)^;,...,^^. (5.6) 
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If one sets A = 2tt, the S'—matrix symmetry and the deformed KZ equation 
are equivalent to the Smirnov’s first and second axioms. 


In order to show that the function • • • ,(5^) 


Mir-'iMJV 


satisfies the 


third axiom, let us consider the relation (|3.19 ). Applying this to the product 
^Miv(/^Ar)^Miv-i(/^iV-i) in (1^) , one finds a simple pole at /^at = + vri. 

In addition, noting the cyclic property of the trace and using ( 3.15 ) and 


(5.3), one can change the order of Z^^{I3n) and as follows. 


S^^;v-l Ar _2 {f^N-l - Pn-2)StI'i1n-3 (Pn-I “ Pn-s) ' ' ' (Pn-I “ Pi) 

tin{e~^^0{ai,- ■ ■ ,am)Zf,j^_^{PN-i + iX)Zf,^{PN)Zf,^_^{PN-2) ■ ■ ■ ■^m(/3i)) 
^ tr^(e-^^) 


The product Zij,j^_^{Pn-i + iX)Z^j,j^{Pj^) has a simple pole at Pn = Pn-i + 
iX — 7ri. Hence if one takes the limit A ^ 27r, the residue at the pole 
Pn = Pn -1 + is given by 


zmiesp [pi, 

= CF^{Pi, • • •, 


X dm 


• • • 







The other cases Pn = Pj+Tri, j < N—2 follows (^) and the S'—matrix sym¬ 
metry. Note that the charge conjugation matrix has been set 

We hence conjecture that the function provides a form factor of 
some local operator in the sine-Gordon theory. In addition, it admit the 
rational limit ^ > oo. In this limit, the function is expected to provide a 

form factor in the SU (2) invariant Thirring model. 

The boson realization discussed in §4 allows the evaluation of the trace. 
We here present only its final result. Setting N = 2n, X = 27r, fij = — for 
j = 1, 2,..., n and pj = + foi j = n + 1 ,..., 2n, we get 
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m 2n 

= n cw-wnn—7- 

l<r<s<2n j=l k=\ Slllll ^ ^ 


1 




n 


d6i 


X I / 1 • • • , am; di, - ■ ■ ,6n) 

1=1 yCsi J 

l<^<i<2n l<j<l<n 1=1 smn ypi — ^1 — Y J 


X sinh^(5z - 4 - 7ri)sinh((5i - 4). 


(5.8) 


Here 


C(/3) = smh ^ exp ( f” g+ ")|) Bmh(l - Qf 
2 \Jo t sinh ^ sinh nt cosh ^ 

dt sin^ ^ sinh(l + 


(/?(/3) = exp -2 


0 i sinh ^ sinh vrt 


(5.9) 

(5.10) 


n 


dia' 


/ m 


n 


1 


J^I-Il{ai, • • • , am.; <5l, • • • ) <^n) 

1 

2vr cosh( 7 „ - aj) J 27r cosh( 7 ;, - aj)^ 

^ TT sinh( 7 a - 7 fe) y. sinh( 7 (^, - 7 ^) „ _ sinh( 7 (^, - 7 ',) 

.A.A. C1TlV\ 1 I (/^/ /^/1 'TT'} \ trinV^ 1 / {/^/^ _ 'TT'} \ Cl T 


ni/ 


sinhi/( 7 a - 7 fe - vri) sinhz/( 7 ;, - 7 a - vri) sinh 2 /( 7 ^, - 7 ', - ttz) 


^ n n sinhj/(7a - Oj + y) H sinhz/(aj - 7a + y) 

a€A \a<j j<a 


a'sA' \j<a' 


I Y[ sinhz^( 7 (,, - aj - y) H sinhz/(aj - 7a' + ^ 


Sni, 


a'<j 


nfc=i (OaeA Sinh i(/?fc - 7a) Oa'eA' sinh i(/?fc - 7 ^,)) nr=i 0?=! smh(5; - a,) 


nr=i (riaeA cosh{5i - -fa) ria'GA' cosh((5/ - 7 ;,)) 


(5.11) 


In (1^) , u = l/(^ + 1), x4 = {j\l < j < m,Sj = -} and A' = {j\l < j < 
m,ej = +}. The integration contours are determined from Ci and C 2 in 
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(4.3) and (4.5) and the convergence region of the operator products of the 
vertex operators V, V, V', V' listed in Appendix of Ref.|]|]. We chose them 
as follows. 

The contour Csi is (— 00 , 00 ) except that the poles at 

TTZ ^TTZ 

Pj —— + 2mni + iTT^n2 {I < j), Pj + + 27rini + i'K^n2 (j < 1), 

TTl TTZ .TTZ 

A - Y + vrz4n2, 7a - Y + ^a’ - ^ 

(ni,rz 2 G Z>o) are above Csi and the poles at 

3'7r2, TTZ 

Pj - - -27rzni - Z7r^n2 {I < j), Pj + — - ^mni - Z7r^n2 (j < /), 

Sttz . , Sttz 

7a - Y“ “ 7a' - Y“ “ 

(ni,n 2 G Z>o) are below Cs^ 

The contour is (— 00 , 00 ) except that the poles at 

TTZ Sttz 

aj + — + zvrn (a < j), aj + (j < a), 

TT?- TTZ 

76 + TTZ + (n + 1)— (a < 6), 76 - vrz + (n + 1)— {b < a), 

, _ vrz Svrz 

7 a/ - vrz + (n + 1) —, di + —— + zvrn 

(n G Z>o) are above and the poles at 

Svrz vrz 

aj - - -zvrn (a < j), - y - (j < o), 

TTZ TTZ 

76 + vrz - (n + 1 )— (o < b), 76 - vrz - (n + 1 )— {b < a), 

TTZ TTZ 

7a' - TTZ - (n + 1) — , Si + — - inn 

V 1 

{n G Z>o) are below 

The contour C^i ^ is (— 00 , 00 ) except that the poles at 


Sttz Sttz 

Oj + + inn (o' < j), Oj + + inn {j < o'), 

TTZ TTZ 

7a + TTZ + (n + 1) Y’ 7^' + TTZ + (zz + 1)— (a' < 6'), 

• / 1 /7 / /\ f Sttz 

76/ - TTZ + (zz + 1)— (6 < a ), 0/ + “Y + ’^ttz 
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(n G Z>o) are above C^i and the poles at 

^ a' 

TTi / / V / /\ 

aj + — - mn [a < j), “ y “ [j < a), 

TTZ TTZ 

7 a + vri - (n + l)y > 7fe' + vri - (n + 1)— (a' < b'), 

TTZ TTZ 

7 fe/ — -iri — (n + 1) — (b' < a'), 6i -\ - mri 

V 2 

(n G Z>o) are below . 

In (^]^), we have omitted a constant factor, which depends on When 
one considers the rational limit, this factor should be properly considered. 
The rational limit yields the formula in §10.4 in Ref.|^] obtained as the 
rational limit of the form factor in the XXZ model in the antiferromagnetic 
regime and (7.14) in Ref.|^] with fi = —iir as a special case m = 1. 

The detail of the calculation and the relation with the Smirnov’s integral 
formula will be discussed in elsewhere. 
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6 Appendix 

Here we list the formulas of the form 

X{/3i)Y{p2) = Cx,yW 2 - Pi) : X{Pi)Y{p2) : 

where X,Y = r and Cx,y{P) is a meromorphic function on 

C. The equality Cx,y = Cy,x is valid in all cases. The whole expressions 
are obtained by taking the limit ^ > oo in those listed in Ref.[p. 


Vr{Pi)Vr{P2) = 9R{p2 - Pi) : : 

snW) = 

^ V27rl 

Vr{Pi)Vr{P2) = wr{P2 - Pi) : . 


(Im(/32 - Pi) < 0) 


{lm{P2-Pi) < -^) 


( 6 . 1 ) 


( 6 . 2 ) 
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wMP) = -^ ^^ 

^4(/?i)t^i?(/?2) = MW 2 - /3i) : : (Im(/32 - /3i) < -vr) (6.3) 

5j?(/ 3) = + Ti'O = —;-—;-T 

^ ^ WR{f3 + ^)wR{(3-^) 

VkiPiWkm = g'R{P2 - /3i) : ( 6 , 4 ) 

si(/3) = 

V 2 ■•■ 2it> 

VkiPi)Vli{P2) = w'j,iP2 - Pi) : : (Im(/32 - A) < |) (6.5) 

g-T 1 

= Jip^) = 5)j(/3 + f)ff)j(/3-f) 

^A(/?i)^A(/ 32) = 5k(/?2 - A) : : (Im(/32 - A) < 0) (6.6) 

9RiP) = -(P'^PiP - vri) = , / (a -^ 

w'r{P + ^)w'r{P - ^) 

Vr{P,)V^{P 2) = h{f32 - Pi) : pMM+i^'uW2) . (6,7) 


HP) = 


^(277 + 4) -^( 7 +loK( 27 r)) 

r(f + !) 


Vr{Pi)V^{P 2) = i{P2 - pi)e^ : : (Im(/32 - Pi) < 0) (6.8) 

VR{Pi)Vk{P2) = i{P2 - Pi)e^ : : (Im(/32 - /?i) < 0) (6.9) 

p-27 , TT 


VR{(5^)Vk{P2) = - 


{P2-Pi)^ + 4 


, . (ijn(^2 - pi) < -^) 

( 6 . 10 ) 


We set 


Srii{P) = 


gR{-P) 


~ 9r{P) ’ 

The following relations are valid. 


RM = 

9r{P) 


( 6 . 11 ) 


wr{P) _ P - T 

wr{-P)~ f3+f’ 

gR{P) ^ p + TTi 
gR{-P) P-m 


( 6 . 12 ) 


(6.13) 
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w'r{I3) ^ /^ + T 

w'^{-l3) f3-^’ 

gk(/^) ^ p-TTi 
dRi-P) 13+ m 
h{P) _ smh(f-f) 
/i(-/3) smh(f + ^)' 


(6.14) 

(6.15) 

(6.16) 
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